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Abstract This paper presents a C2 Pythagorean-Hodograph (PH) spline curve interpolator for high speed
contouring applications. With the knot vector and control points given, the C2 PH quintic spline curve
is a ‘‘good’’ interpolant to the nodal points of the cubic B-spline curve, with the same knot vector
and control points. To generate the C2 PH quintic spline curves, a uniform knot sequence is employed.
The S-curve motion planning architecture, with variable feedrate for a planar C2 PH quintic spline curve,
is also developed. In particular, C1 cubic feed acceleration/deceleration is imposed on the first and last
PH quintic spline segments. Several closed C2 PH quintic spline curve contouring tasks, along with a
simple position loop controller, were conducted to verify the effectiveness of the proposed interpolation
algorithm. The experimental results were analyzed and discussed. It is found that the proposed CNC
interpolator is not only feasible for machining the complicated parametric curves represented in the C2
PH quintic spline form, but also yields a satisfactory contouring performance for variable feedrate control.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Development of parametric interpolator and feed acceler-
ation/deceleration motion planning schemes is an important
subject in CAD/CAM systems. Although several interpolators
have been proposed for the standard free-form paramet-
ric curves, e.g. splines and NURBS (Non-uniform rational
B-spline) [1–5], most of them rely on numerical integration
(Taylor’s expansion or the Runge–Kutta method) to compute
the arc length. As a result, it is not possible to obtain the exact
arc length information using those approaches, which makes
interpolation, inherently, a rough approximation (even at fixed
feedrates) [6]. The inaccurate arc length calculation results in
fluctuation in the desired feedrate. To cope with this problem,
Tsai and Cheng [7] proposed a Predictor–Corrector Interpolator
(PCI) for NURBS curves, while Erkorkmaz and Altintas [1] devel-
oped an iterative interpolation technique for spline curves.
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Open access under CC BY-NC-ND license.Pythagorean Hodograph (PH) curves, which were first
introduced by Farouki and Sakkalis [8] in 1990, are a special
family of free-form parametric curves and a subset of the
Bezier representation. In contrast to the conventional arc
length parameterization, the arc length of a PH curve can be
computed precisely by evaluating a polynomial function of
the curve parameter [9,10]. Therefore, there is no feedrate
fluctuation during interpolation. The fact that the PH curve
has a polynomial representation, along with a special algebraic
structure, makes it well suited for real-time CNC interpolation
algorithms. For example, the feedrate can be fixed or specified
as a function of cumulative arc length or local curvature along
curved tool paths [11–13]. Besides, Tsai et al. [14] developed
a closed-form solution for the interpolation integral using the
S-curve [15–17] variable feedrate for a PH curve.
In general, a single PH curve cannot represent complicated
open and closed shapes. Nevertheless, the aforementioned
difficulties can be circumvented by connecting several PH
segments together, which is called a PH spline curve. Several
researchers have focused on PH spline curves and their
applications [18–21]. For instance, Aigner et al. [18] studied the
problemof approximating a given set of data points by PH spline
curves. They formulated an evolution process within the family
of PH spline curves to solve the highly non-linear curve fitting
problem. Sir and Jutler [19] constructed a C2 PH spline curve of
degree nine using the C2 Hermite data on an analytical curve.
In [19], the C2 Hermite data were assumed to be taken from
a small segment of an analytical curve. An iteration technique
was introduced to convert an analytical curve into a piecewise
PH curve of degree nine. Accordingly, the parameter domain
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to obtain the C2 Hermite data, i.e., the end points and their
first- and second-order derivatives for all PH segments. The C2
PH Hermit interpolant have significant advantages for practical
design and manufacturing problems of cams [13,22], which
require continuity in the follower displacement, velocity, and
acceleration profiles. The PH spline curves not only inherit all
the geometrical properties of the B-spline curves (e.g. strong
convex hull and local shape modification properties), but also
contain all the advantages of the PH curves. In addition, the
PH spline curves provide significant advantages over ordinary
polynomial curves in CAD/CAM applications, that is, they
typically exhibit a better curvature distribution profile than the
corresponding spline curve when interpolating a sequence of
points [20,21].
Recently, several approaches have been developed in the
design of PH spline curves through the use of control polygons
of the B-spline and NURBS curves [20,23]. In both [20,23], the
nodal points, which are the points on the curve corresponding
to the specified knot points, are employed to construct the open
and closed C2 PH spline curves. In [20], the C2 PH spline curve
associated with given control points and a knot vector was
defined to interpolate the nodal points of the cubic B-spline
curve specified by the same control polygon and knots, while
the C2 PH spline curve of degree nine proposed in [23] was
defined to interpolate theHermit data obtained from theNURBS
curve of degree three, specified by the given control polygon,
weights, and knots.
The problem of constructing a C2 PH quintic spline to
interpolate a sequence points of q0, . . . , qM with related end-
conditions is equivalent to solving a tridiagonal system of
quadratic equations with complex unknowns [20,21]. Several
analytical and numerical techniques useful for solving wide
classes of nonlinear systems of equations, as well as nonlinear
differential equations, have been focused in [21,24–27]. For
instance, the numerical homotopy procedure determines all
solutions – real or complex – to a given system ofM non-linear
equations in M variables, while the iterative solution method
computes unique good solutions alone [24]. Other approaches
offer the absolute hodograph winding number as the criterion
for finding the unique solution [27,28].
Accurate estimation of the contour error is one of the crucial
factors in the following contouring problems. In fact, several
contour-error estimation algorithms that can be used in high
speed contouring applications have been proposed [29–34].
These existing approaches can be used to estimate the contour
error for linear, circular, and arbitrary tool-paths. In this paper,
the contour error is computed using the method proposed by
Erkorkmaz et al. [34]. This contour error estimation method is
suitable for arbitrary tool paths and does not require analytical
knowledge of the tool path. The contour error is specified at
various regions on the actual tool path to calculate the shortest
orthogonal distance between the reference tool path and the
actual tool position.
The C2 PH quintic spline curves and their interpolation
are the focus of this paper. To construct the C2 PH quintic
spline curves, a uniform knot sequence is used. For solving the
system of quadratic equations, the Newton–Raphson algorithm
and the method of selecting the starting point proposed by
Farouki et al. [24] are employed. In addition, the S-curvemotion
planning architecture with variable feedrate for a planar C2 PH
quintic spline curve is developed. To evaluate the effectiveness
of the proposed interpolation algorithm, several closed C2 PH
quintic spline curve contouring tasks have been conducted.The rest of the paper is organized as follows: In Section 2,
the B-spline curves, along with the nodal points on the cubic
B-spline curves, are presented. Section 3 summarizes the
system of equations that define C2 PH quintic interpolating
splines including the choices of end conditions and the
appropriate starting point in the Newton–Raphson method. In
Section 4, real-time interpolations using the PH quintic curves
are introduced, and the S-curve motion planning architecture
with variable feedrate for a planar C2 PH quintic spline curve
is proposed. The performance evaluations of the C2 PH quintic
spline curves with variable feedrate are given in Section 5.
Also, the experimental results are presented to demonstrate
the feasibility of the proposed parametric interpolator. Finally,
Section 6 concludes the paper.
2. Review on B-spline curves
The B-spline curve of degree p defined by given n + 1
control points, P0, P1, . . . , Pn, and the knot vector, U = {u0, u1,
. . . , um}, is:
c(u) =
n
k=0
Nk,p(u)Pk, (1)
where Nk,p(u)’s are the B-spline basis functions of degree p
described by:
Nk,p(u) = u− ukuk+p − ukNk,p−1(u)
+ uk+p+1 − u
uk+p+1 − uk+1Nk+1,p−1(u), (2)
Nj,0(u) =

1 if u ∈ [uj, uj+1)
0 otherwise. (3)
The De Cox–Boor’s algorithm [35,36] can be used to determine
the point on a B-spline curve corresponding to a specific
parameter value, u. Hence, one can easily find the nodal points,
which are the points on the B-spline curve corresponding to
the specified knot points, u0, u1, . . . , um, with m = n +
p + 1. Jahanpour et al. [23] have presented the closed form
formulation to evaluate the nodal points on theNURBS curves of
degree 3. In their work, the following uniform knots have been
adopted: u0 = u1 = u2 = u3 = 0, uk = k− 3 for k = 4, . . . , n,
and um−3 = um−2 = um−1 = um = n− 2.
Also, the nodal points have been described, as follows, by [23]:
q0 = c(u3) = P0,
q1 = c(u4) = 1/A (3w1P1 + 7w2P2 + 2w3P3) ,
qk−3 = c(uk) = 1/B (wk−3Pk−3
+ 4wk−2Pk−2 + wk−1Pk−1) , for k = 5, . . . , n− 1,
qn−3 = c(un)
= 1/C (2wn−3Pn−3 + 7wn−2Pn−2 + 3wn−1Pn−1) ,
qn−2 = c(un+1) = Pn, (4)
where w0, w1, . . . , wn are the weights corresponding to the
control points P0, P1, . . . , Pn, respectively. Also, A = 3w1 +
7w2 + 2w3, B = wk−3 + 4wk−2 + wk−1, and C = 3wn−1 +
7wn−2+2wn−3. Further details on computing the B-spline basis
functions and the nodal points can be found in [23].
Regarding all weights to be equal to 1 in Eq. (4), the nodal points
are computed by the following equation for the case of a cubic
B-spline curve via Eq. (1).
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q1 = c(u4) = (3P1 + 7P2 + 2P3) /12,
qk−3 = c(uk)
= (Pk−3 + 4Pk−2 + Pk−1) /6, for k = 5, . . . , n− 1,
qn−3 = c(un) = (2Pn−3 + 7Pn−2 + 3Pn−1) /12,
qn−2 = c(un+1) = Pn. (5)
In this paper, to construct the closed cubic B-spline curves,
cyclic interpretation of the control points is adopted. That is,
the first p and last p control points are wrapped, i.e. P0 =
Pn−p+1, P1 = Pn−p+2, . . . , Pp−2 = Pn−1 and Pp−1 = Pn.
3. PH spline curves
The complex representation for a planar PH curve can be
expressed as r(ξ) = x(ξ) + iy(ξ), where ξ ∈ [0, 1] is a real
parameter [9]. r(ξ) is a PH curve, if there exist polynomials,
u(ξ), v(ξ), such that its derivative, i.e. hodograph, r ′(ξ) =
w2(ξ), satisfies:
x′(ξ) = u2(ξ)− v2(ξ),
y′(ξ) = 2u(ξ)v(ξ),
σ (ξ) = u2(ξ)+ v2(ξ), (6)
where σ(ξ) = x′2(ξ)+ y′2(ξ) =  d(r(ξ))d(ξ)  is the rate of change
of r(ξ), with respect to the curve parameter, ξ .
3.1. C2 PH quintic spline equations
We refer a C2 PH spline to the connected PH curves that
interpolate the nodal points of the corresponding cubic B-spline
curve. In fact, the open/closed C2 PH quintic spline associated
with given control points, P0, P1, . . . , Pn, and a knot vector,U ={u0, u1, . . . , um}, is defined to be the good PH spline interpolant
to the n − 1 nodal points, qk = c (u3+k) , k = 0, . . . ,M =
n− 2 of the cubic B-spline curve, specified by the given control
polygon and knots [20,24].
The interpolation of the above n− 1 nodal points begins by
writing the hodograph of the PH quintic segment, ri(ξ), ξ ∈
[0, 1], of the spline curve, between points qi−1 and qi. The
polynomial, wi(ξ) = ui(ξ) + ivi(ξ), related to the ri(ξ) must
be quadratic. Expressed in Bernstein form, the corresponding
hodograph in complex form is:
r ′i (ξ) =

1
2
(zi−1 + zi)(1− ξ)2
+ zi2(1− ξ)ξ + 12 (zi + zi+1)ξ
2
2
. (7)
The continuity conditions for consecutive spans i and i + 1
are: r ′i (1) = r ′i+1(0), and r ′′i (1) = r ′′i+1(0). Expanding Eq. (7)
and substituting it into the interpolation condition integral, 1
0 r
′
i (ξ)dξ = qi−qi−1, by taking ri(0) = qi−1 as the integration
constant, will yield the following equation:
fi(zi−1, zi, zi+1) = 3z2i−1 + 27z2i + 3z2i+1 + zi−1zi+1
+ 13zi−1zi + 13zizi+1 − 601qi = 0, (8)
where 1qi = qi − qi−1 for i = 1, . . . ,M . However, the first
and last equations, i.e. f1 (z1, . . . , zM) = 0 and fM (z1, . . . , zM)
= 0, must be modified or additional equations must be intro-
duced through the end conditions discussed in the following
subsection.3.2. End conditions
If derivatives di = r ′1(0) and df = r ′M(1) at the end-nodal
points, q0 and qM , are specified, the interpolation equations,
i.e. Eq. (8), hold for all segments, i = 1, . . . ,M , and interpo-
lation of the derivatives, di, df , yields two further equations:
f0(z0, z1) = (z0 + z1)2 − 4di = 0,
fM+1(zM , zM+1) = (zM + zM+1)2 − 4df = 0. (9)
Using the above two equations and Eq. (8), total M + 2 equa-
tions, i.e. f0 = 0, . . . , fM+1 = 0 (inM+ 2 complex variables, i.e.
z0, . . . , zM+1) are used to solve for the open C2 PHquintic spline.
For the closed C2 PH quintic spline, the end conditions qM =
q0, r ′M(1) = r ′1(0) and r ′′M(1) = r ′′1 (0) should be satisfied. To this
end, Eq. (7) is replaced by the following relations [24]:
r ′1(ξ) =

1
2
(±zM + z1)(1− ξ)2 + z12(1− ξ)ξ
+ 1
2
(z1 + z2)ξ 2
2
,
r ′M(ξ) =

1
2
(zM−1 + zM)(1− ξ)2 + zM2(1− ξ)ξ
+ 1
2
(zM ± z1)ξ 2
2
. (10)
Therefore, the first and last equations of the system described
by Eq. (8) become:
f1(z1, . . . , zM) = 3z2M + 27z21 + 3z22 ± zMz2 ± 13zMz1+ 13z1z2 − 601q1 = 0,
fM(z1, . . . , zM) = 3z2M−1 + 27z2M + 3z21 ± zM−1z1+ 13zM−1zM ± 13zMz1 − 601qM = 0. (11)
Note that the same choice of sign must be used in f1 and fM in
Eq. (11) and either choice can result in a ‘‘good’’ solution [24].
In order to solve the system equation described by Eq. (8)
with above end conditions, numerical methods should be used.
The Newton–Raphson iteration algorithm can be employed
to compute the PH spline, from an appropriate starting
approximation. In this paper, the starting approximation is
calculated using the method developed in [24] in which the
starting approximation to the solution is estimated by setting
zi−1 = zi = zi+1 in Eq. (8):
z2i = 1qi for i = 1, . . . ,M. (12)
There are two choices for each zi. Taking Re (z1) > 0, sub-
sequent choices are made to minimize |zi − zi−1|. Further de-
tails on using the Newton–Raphson iteration method to solve
Eq. (8) with appropriate end conditions can be found in [20,24].
Figure 1 shows a closed C2 PH quintic spline curve computed by
the Newton–Raphson iteration method. The ‘‘Butterfly’’ trajec-
tory shown in Figure 1 is associated with a large control poly-
gon of 50 discrete control points specified by small circles in
Figure 1.
4. C2 PH quintic spline curve interpolator
Real-time interpolation by PH quintic curves was developed
by Farouki and Sagar [10] in 1996. They firstly presented
formulations and analyzed where the feedrate on the PH curve
is constant or specified as a linear/quadratic function of the
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with 50 discrete control points) computed by the Newton–Raphson iteration
method.
arc length. Later, Tsai et al. [14] introduced the PH curve
interpolators with time-dependent feedrates in 2001. The real-
time interpolation by PH quintic curves, with variable and
constant federates, is first briefly reviewed in the following.
Then, the S-curve motion planning architecture, with variable
feedrate for a planar C2 PH quintic spline curve, is proposed.
4.1. Time-dependent feedrate
Consider a time-dependent feedrate function, V (t) for t ∈
[0, T ], imposed on the PH curve in which V (t) = F˙(t). Thus,
the arc length is determined as s(ξ) = F(t). Accordingly, for a
sampling interval,1t , the parameter values, ξ1, ξ2, . . . , at times
1t, 21t, . . . are computed by the following equation:
s(ξk) = F(k1t), k = 0, 1, . . . (13)
Eq. (13) has a unique real root for each k. The value of ξk
can be computed by the Newton–Raphson method in several
iterations [14]:
ξ
(r)
k = ξ (r−1)k −
s(ξ (r−1)k )− F(k1t)
σ (ξ
(r−1)
k )
, r = 1, 2, . . . , (14)
with starting approximation, ξ (0)k = ξk−1.
The case where V is a polynomial of t is a particularly sim-
ple form of variable feedrate, which is very useful in achieving
smooth feed accelerations from rest (or feed decelerations to
rest). Using the normalized time variable, τ = t/T , and ex-
pressing V (t) in the Bernstein basis form on the unit interval,
τ ∈ [0, 1], we have:
V (τ ) =
n
k=0
vkbnk(τ ) (15)
where bnk(τ ) =

n
k

(1− τ)n−kτ k and vk are the Bernstein-basis
functions and coefficients, respectively.
Given a polynomial, V , of odd degree, n, in Eq. (15), one can
define a feedrate profile that matches V = Vi for t ≤ 0 and
V = Vf for t > T , with C (n−1)/2 continuity. In order to ob-
tain smooth motion transition between different phases along
the path, and also ensure continuity of both the feed acceler-Figure 2: Feed accelerations from V = 0 for t ≤ 0 to V = Vf for t ≥ T using
C1 cubic, and C2 quintic variable feedrates defined by Eq. (15) [14].
ation/deceleration and feed jerk, the S-curve C1 cubic and C2
quintic profiles are preferred, rather than the C0 linear one [14].
One can easily find the appropriate Bernstein coefficients, vk,
for the C1 cubic (or C2 quintic) feed acceleration/deceleration.
Figure 2 shows the C1 cubic and C2 quintic variable feedrate ac-
celeration profiles defined by Eq. (15), when Vi = 0. Further de-
tails on selecting vk for the acceleration and deceleration phases
can be found in [14].
4.2. Constant feedrate
For the case of constant feedrate, the arc length is deter-
mined as s(ξk) = k1s0, where 1s0 = Vf1t is the arc length
in iteration k, and Vf is the constant feedrate. The desired se-
quence of parameter values, i.e. ξk, is computed by the New-
ton–Raphson method in several iterations:
ξ
(r)
k = ξ (r−1)k −
s(ξ (r−1)k )− k1s0
σ(ξ
(r−1)
k )
, r = 1, 2, . . . . (16)
The initial approximation for Eq. (16) is given by [10]:
ξ
(0)
k = ξk−1 +
1s0
σ(ξ(k−1))
. (17)
4.3. The modified motion planning along the C2 PH quintic spline
curves
According to the aforementioned PH quintic curve inter-
polators, the modified motion planning, consisting of variable
and constant feedrate profiles, for interpolating a C2 PH quintic
spline curve, is proposed and elaborated in the following:
1. Acceleration from full stop to the constant feedrate on the
first PH quintic segment, r1 (ξ), during the acceleration
period [0, T ]: In this phase of motion, the C1 cubic
feedrate acceleration along the PH quintic segment, r1 (ξ),
is imposed.
2. Constant velocity: This phase of motion starts from the end
of the acceleration period along the PH quintic segment,
r1 (ξ), and ends at the beginning of the deceleration period
along the PH quintic segment, rM (ξ). The C2 PH quintic
spline curve is interpolated by the constant feedrate of Vf
in this phase.
3. Deceleration from the PH quintic segment, rM (ξ), with
constant velocity to full stop: The C1 cubic feedrate
deceleration along the last PH quintic segment, rM (ξ), is
imposed during this phase.
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used in the experiments. (a) Experimental hardware; and (b) block diagram of
the servo controller.
5. Experiment setup and results
5.1. Experimental setup
In this paper, two AC servomotors are employed for the
X- and Y -axes motions, where the servomotors are equipped
with incremental encoders (2500 × 4 pulses/rev) for position
feedback. Both servo drives are set to the velocity mode
throughout the experiments. All the control algorithms are
implemented using a PMC32-6000 motion control equipped
with a high performance DSP-TI TMS320C32 floating point
processor. For each axis, a simple position loop controller
with a velocity command feed-forward is used to reduce the
tracking error. The hardware and the control block diagram
used in the experiments are shown in Figure 3. The input
commands computed by the C2 PH quintic spline interpolator,
i.e. Xcom (Ycom) and X˙com (Y˙com), are the desired position and
velocity commands for the X(Y ) axis, respectively. Kpx, Kpy are
the position loop gains and Kvx, Kvy are the feed-forward gains.
Also, Xact and Yact in Figure 3(b), represent the actual positions
for the X axis and Y axis, respectively.
The transfer function of the controlled plant from the
velocity command input to the position output are obtained
using the dynamic analyzer, HP3563A, for both motions of the
X- and Y -axes respectively as follows [37]:
Gx = 35.89581+ 0.0033185s

rad/s
V

,
and:
Gy = 39.20081+ 0.0042222s

rad/s
V

.
Based on the measured transfer functions, Gx and Gy, one can
determine the appropriate gain of the position loop controller,
as shown in Figure 3(b), due to the specified bandwidth, which
will be set to Kpx = 62 s−1, Kpy = 47 s−1, Kvx = Kvy = 0.57for experimental study. The different settings for Kpx and Kpy
are due to the fact that the loads for the X- and Y -axes are
different. The above controller gains have been tuned, such that
the best possible contour following performance is achieved in
the experiments.
In the following, the proposed interpolation algorithm is
implemented for two cases of the closed C2 PH quintic spline
curves and the performance of the proposed approach is also
analyzed and discussed.
5.2. Case studies
In the following, two closed C2 PH quintic spline curves are
used for high speed contouring tasks in the experiments. One is
the ‘‘Heart’’ curve and the other is the ‘‘Star’’ curve. The control
points for constructing these two curves are selected as follows:
‘‘Heart ’’ curve:
P0 = −20− 50i, P1 = 0+ 5i, P2 = 0− 5i,
P3 = −20+ 50i, P4 = 40+ 50i, P5 = 75− 5i,
P6 = 75+ 5i, P7 = 40− 50i, P8 = P0,
P9 = P1, P10 = P2.
‘‘Star ’’ curve:
P0 = 46.8+ 78i, P1 = 30+ 48i, P2 = 54i,
P3 = 30+ 30i, P4 = 18, P5 = 48+ 30i,
P6 = 78, P7 = 66+ 30i, P8 = 96+ 54i,
P9 = 66+ 48i, P10 = 49.2+ 78i,
P11 = P0, P12 = P1, P13 = P2.
The above control points give the C2 PH B-spline curves
containing eight PH quintic segments for the ‘‘Heart’’ curve
and eleven PH quintic segments for the ‘‘Star’’ curve. The total
curve length computed for the ‘‘Heart’’ and the ‘‘Star’’ curves are
Sheart = 289.7626 mm and Sstar = 239.6265 mm, respectively.
Additionally, the arc length of the first and the last PH quintic
segments of the ‘‘Heart’’ curve are S1heart = 12.229 mm and
S8heart = 36.6574 mm, respectively. While, those arc lengths
for the ‘‘Star’’ curve are S1star = 19.4226 mm and S1star =
25.6213 mm.
Each contouring task is conducted under two different
motion planning schemes proposed in Section 4, so as
to evaluate the performance of the proposed approach. In
particular, two different settings for variable feedrate profiles
in Figure 2 are used: Vf = 100 mm/s, T = 0.12 s and
Vf = 120 mm/s, T = 0.12 s. From Figure 2, the acceleration
(deceleration) curve length traveled by C1 cubic feedrate
acceleration (deceleration) is given by Sacc/dec = Vf ×T/2. Thus,
for the cases of Vf = 100 mm/s and Vf = 120 mm/s, only
6 mm and 7.2 mm of the first and the last PH quintic segments
of the curve (with S1heart, S8heart, S1star, and S11star) are traveled,
respectively. Note that in both interpolation algorithms and
experiments, the sampling period,1t , is set to 1 ms.
Using the above parameters for the proposed motion plan-
ning, the C2 PH quintic B-spline curve interpolator computes
the feedrate command required for each contouring task in the
experiment. For example, the feedrate profile associated with
Vf = 100 mm/s and T = 0.12 s for the ‘‘Heart’’ contouring
task is shown in Figure 4. The X and Y feedrate components are
also depicted as dashed curves in Figure 4. As can be seen in Fig-
ure 4, the feedrate command generated by the proposed inter-
polator is not only able to achieve the smoothmotion transition
between different phases along the path but also to avoid any
fluctuations in the desired feedrate.
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proposed interpolator for the ‘‘Heart’’ contouring task with Vf = 100 mm/s
and T = 0.12 s.
5.3. Experimental results
‘‘Heart ’’ contouring
The experimental results for the ‘‘Heart’’ contouring task
with Vf = 100 mm/s are given in Figure 5. The contouring
motion started from the point q0 = −3.33 − 5.83i mm and
traveled in a clockwise direction. The tracking performance is
illustrated in Figure 5(a). It can be observed that the actual
trajectory matches the desired one closely. The nonlinear
phenomenon or physical constraints, such as friction and
actuator saturation, causes the contour error. As can be seen
in Figure 5(b), the maximum contour error is 0.168 mm, which
occurred at the turning point shown in the inset of Figure 5(a).
The curvature profile is shown in Figure 5(c), where the amount
of the curvature at the turning point is 0.217 mm−1, which
differs by a small amount of 0.55%, with respect to the desired
tool path. Figure 5(b) and (c) show that the contour error at
the point with the largest curvature is larger than that for the
other smoother portions of the curve. In fact, in the vicinity of
the turning point with largest variations in the curvature, there
are sudden changes of direction on axis movements, which
result in the maximum contour error occurring at the turning
point. Furthermore, the amount of this maximum error is also
affected by the friction and actuator saturation from the biaxial
reverse motion at the turning point with the largest curvature.
Although there is no systematic way for minimizing the error
between the desired and the experimental tool path, use of the
variety of alternative control schemesmaydecrease the contour
error [38].
To compare the actual feedrate with the desired feedrate
command along the curve, the actual feedrate profile and the
desired feedrate profile for this case are given in Figure 6.
Although the desired feedrate profile does not have any
fluctuations, the sudden change of motion in the X direction
results in a small variation in the actual feedrate profile. The
maximum variation in the actual feedrate profile is about 2.5%,
as shown in the inset of Figure 6, which is related to the
mentioned turning region with the largest curvature on the
‘‘Heart’’ curve.
The experimental results for the ‘‘Heart’’ contouring task
with Vf = 120 mm/s are given in Figure 7. It can be observed
that the actual trajectory also matches the desired one closely,
as shown in Figure 7(a), where the maximum contour error
is 0.218 mm as indicated by Figure 7(b). For this case, theFigure 5: Experimental results for the ‘‘Heart’’ contour-following task with
Vf = 100 mm/s. (a) Position along the ‘‘Heart’’ curve using the proposed
interpolator; (b) contour error for ‘‘Heart’’ tracking; and (c) curvature profile.
Figure 6: Feedrate profile along the ‘‘Heart’’ curve with Vf = 100 mm/s using
C2 PH spline curve interpolator.
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Motion planning parameters Total machining
time (s)
Maximum actual
feedrate
fluctuation (%)
Maximum actual
curvature (1/mm)
Maximum contour
error (mm)
Vf = 100 mm/s, T = 0.12 s 3.019 2.5 0.217 0.168
Vf = 120 mm/s, T = 0.12 s 2.536 3.49 0.218 0.218Figure 7: Experimental results for the ‘‘Heart’’ contouring task with Vf =
120mm/s. (a) Position along the ‘‘Heart’’ curve using the proposed interpolator;
(b) contour error for ‘‘Heart’’ tracking; and (c) curvature profile.
maximum variation in the actual feedrate profile that occurred
at the turning region with a curvature of 0.218 mm−1 is 3.49%
as shown in Figure 7(c). Table 1 summarizes the experimental
results of the ‘‘Heart’’ contouring task with two different cases
for the velocity planning.
‘‘Star ’’ contouring
The experimental results for the ‘‘Star’’ contouring task with
Vf = 100 mm/s and Vf = 120 mm/s are given in Figures 8
and 9, respectively. In particular, the ‘‘Star’’ contouring motion
started from the point q0 = 27.8 + 54i mm and traveled in a
counter-clockwise direction. The tracking performance is illus-Figure 8: Experimental results for the ‘‘Star’’ contour-following task with Vf =
100 mm/s. (a) Position along the ‘‘Star’’ curve using the proposed interpolator;
(b) contour error for ‘‘Star’’ tracking; and (c) curvature profile.
trated in Figures 8(a) and 9(a), while, the contour error is shown
in Figures 8(b) and 9(b). As can be seen in Figures 8(b) and 9(b),
the maximum contour error for the case of Vf = 100 mm/s
is 0.202 mm, and the maximum contour error for the case of
Vf = 120mm/s is 0.258mm. The region that has themaximum
corner error is enlarged in ‘‘Detail 1’’ in Figures 8(a) and 9(a).
The curvature profiles obtained from the experimental data are
shown in Figures 8(c) and 9(c), where the higher peaks of the
contour error occurred at the blade regions of the ‘‘Star’’, which
have higher curvature than the other portion of the ‘‘Star’’. Also,
the lower peaks occurred at the concave region of the curve.
The maximum curvature of the desired tool path is computed
as 0.418 mm−1 for the last blade of the ‘‘Star’’ enlarged in Fig-
ures 8(a) and 9(a), as ‘‘Detail 2’’, and also the experimental re-
sults show that the curvature of the last blade is larger than the
other blades of the ‘‘Star’’. In addition, the difference between
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Motion planning parameters Total machining
time (s)
Maximum actual
feedrate
fluctuation (%)
Maximum actual
curvature (1/mm)
Maximum contour
error (mm)
Vf = 100 mm/s, T = 0.12 s 2.518 6.1 0.431 0.202
Vf = 120 mm/s, T = 0.12 s 2.119 6.32 0.444 0.258Figure 9: Experimental results for the ‘‘Star’’ contouring task with Vf =
120 mm/s. (a) Position along the ‘‘Star’’ curve using the proposed interpolator;
(b) contour error for ‘‘Star’’ tracking; and (c) curvature profile.
the contour error around this blade and the maximum contour
error is small. Table 2 summarizes the experimental results of
the ‘‘Star’’ contouring task with two different cases of motion
planning.
The experimental results listed in Tables 1 and 2 indicate
that the proposed C2 PH quintic B-spline curve interpolator is
able to achieve a satisfactory tracking performance for variable
feedrate control, even using a simple position loop controller.
6. Conclusions
This paper has proposed a C2 PH quintic spline curve inter-
polator for a high speed contouring application. The PH spline
curve inherits all the advantages of the PH curves and signifi-
cant properties of the B-spline curves, so that it can be used to
represent the complicated open and closed shapes used in theCAD/CAM systems. Using a combination of time-dependent and
constant feedrates, the S-curve motion planning architecture,
with variable federate, for a planar C2 PH quintic spline curve,
has also been developed. Accordingly, the developed toolpath
interpolation yields an arc-length parameterized curve, which
results in a feedrate commandwithout any fluctuation. The pro-
posed interpolation algorithm has been implemented for the
‘‘Heart’’ and the ‘‘Star’’ contouring tasks. Experimental results
demonstrated that the proposed CNC interpolator is feasible for
machining the parametric curves represented in the C2 PHquin-
tic spline form.Moreover, it is able to achieve a satisfactory con-
touring performance for variable feedrate control.
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